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0 Introduction

This is not a complete set of lecture notes for Math 448, Modern Algebra I. Additional material will
be covered in class and discussed in the textbook. These notes are currently under development
as a port from a previous version, so typos and formatting errors are inevitable. Check back
frequently for updates.

0.1 Logic

In this section, we give an informal overview of logic and proofs. For a more formal introduction
see any logic textbook.

Proofs and Formal Axiom Systems
Definition. A Formal Proof System (or Formal Axiom System) consists of

1. A set of expressions S, called the statements.
2. A set of rules R, called the rules of inference.

Each rule of inference has zero or more inputs called premises and one or more outputs called
conclusions. Most premises and all conclusions of a rule of inference are statements in the system.!
There also may be conditions on when a particular rule of inference can be used.

Definition. An axiom is a conclusion of a rule of inference that has no premises.

Definition. A statement Q in a formal axiom system is provable from premises P, ..., P, if
1. Qs one of the premises Py, ..., P;, or
2. Qis a conclusion of a rule of inference whose premises are provable from Py, ..., P;.
In particular, if Q is an axiom, then Q is provable from no premises at all!
Definition. If Q follows from no premises in a formal axiom system, we say that Q is provable in
the system. A provable statement is called a theorem.
And finally, the definition we’ve all been waiting for!

Definition. A proof of a statement in a formal axiom system is a finite sequence of applications of
the rules of inference (i.e., inferences) that show that the statement is a theorem in that system.

10ther common premises are variable declarations, constant declarations, and subproofs.
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Notation. If Q is provable from premises P, ..., P, in a formal system we can denote this symbol-

ically as

Pl,...,Pn"Q

It is also commonplace to refer to such an expression as a theorem. To prove such a theorem is to
give a proof of Q in the same formal system where additionally the premises are ‘Given” as axioms.

Variables, Expressions, and Statements in Mathematics

Term Description

set A set is a collection of items.

element The items in a set are called its elements (or members).

expression An expression is an arrangement of symbols which represents an element of a
set

type The set of elements that an expression can represent is called the type of the
expression.

value The element of the domain that the expression represents is called a value of
that expression.

variable A variable is an expression consisting of a single symbol

constant A constant is an expression whose domain contains a single element.

statement A statement (or Boolean expression) is an expression whose domain is

truth value

solve

solution set

{ true, false}.
The value of a statement is called its truth value.

To solve a statement is to determine the set of all elements for which the
statement is true.

The set of all solutions of a statement is called the solution set.

equation An equation is a statement of the form A = B where A and B are expressions.

inequality An inequality is a statement of the form A * B where A and B are expressions
and % isone of £, >, >, <, or #.

Remarks:

e An element is either in a set or it is not in a set, it cannot be in a set more than once.

e It is not necessary that we know specifically which element of the domain an expression
represents, only that it represents some unspecified element in that set.

e We do not have to know if a statement is true or false, just that it is either true or false.

e If a statement contains n variables, x1, ... x,, then to solve the statement is to find the set of
all n-tuples (a1, . ..,a,) such that each 4; is an element of the domain of x; and the statement
becomes true when xi, ..., x, are replaced by ay,...,a, respectively. In this situation, each
such n-tuple is called a solution of the statement.

e In formal mathematics, ‘true’ means “provable’.
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Substitution and Lambda Expressions

Definition. We can prefix an expression E to form the expression “Ax, E” (or “x+ E”) to indicate
that all occurrences? of x in E are a variable that represents the same unspecified object of the same
type as x. These prefixed expressions are called lambda expressions (or anonymous functions).

Definition. Lambda expressions can be applied to an expression a having the same type as x to
form a new expression, (Ax, E)(a) which has the same type as E. These can be further simplified to
the expression obtained by replacing all occurrences® of x in E with a.

Remark. If we give a name to a lambda expression, e.g., define f to be Ax, E then the expression
(Ax, E)(a) is just the usual notation for function application f(a).*

Definition. Two lambda expressions are said to be equivalent if they simplify to the same or
equivalent things when applied to any argument.

Remark. Renaming all occurrences of x in Ax, E with a new identifier always produces a lambda
expression that is equivalent to the original. Another common situation where we can simplify a
lambda expression Ax, E is when the expression E does not contain x. In this situation (Ax, E)(a)
simplifies to just E for every a, and thus we can say that Ax, E simplifies to just E in that case.

Rules of Inference in Mathematics

Most rules of inference in mathematics are stated as assertions that something can be proven in
the given system. Frequently these are given as lambda expressions. Such a lambda expression
generate an entire family of specific rules of inference, one for each application of the expression.
Because this is so common, we usually omit the lambda prefixes, and use the convention that any
free variables that appear free in the premises or conclusion of a rule of inference can be replaced
with an expression of the same type to form a particular instance of that rule of inference.

2These refer to free occurrences - see below.

3See footnote 2. Also no free identifier in a should become bound as a result of the substitution.

*Indeed, in precalculus they usually write f(x) = x* instead of writing f = (Ax, ¥*), but the latter is usually what they
mean.
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Template Notation for Rules of Inference

Notation. A rule of inference having premises Py, ..., P, and conclusions Qj,...,Q, can be ex-
pressed in template notation or recipe notation as

Rule Name Here

Py

Q

In this notation, the rule looks like a template that we can fill in to create our proofs. In particular,

the lines marked with a need to be justified with a rule of inference that is supplied as
a reason for that line, and those marked with can be justified with the given rule of
inference.

Some rules of inference have a premise of the form

(Pl,...,Pk"Q)

This is not a statement in the formal system itself, but rather the assertion that Q can be proven
from Py, ..., Py in the formal system. We call an expression of this form a subproof or environment.
Such a premise is satisfied by including a subproof in a proof that shows that Q can be proved
from the given premises (which do not need to be justified by a rule of inference). We denote this
in recipe notation as an indented ‘assume-block” as illustrated below.

Example 1. Suppose we have a rule of inference that justifies the following.

por,(prp),rp)tp

where @, ¢, and p are any mathematical statements. Then we would express this rule in recipe
notation as

Proof by Cases

@ ory

Assume ¢

p

(_
Assume ¢
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In this, everything between an Assume and the following « (the ‘end assumption” symbol) is a
subproof that demonstrates the corresponding premise in the rule of inference. We indent such
assumption blocks in our proofs. Subproofs can be nested, and the level of indentation corresponds
to the level of nesting. Assumptions (lines that start with Assume) do not need to be justified by
a rule of inference. We say that they are given. Lines marked with must be justified. Lines
marked with are justified by the rule itself.

Note that we do include the word "Assume " in the proof itself, but not the words "show" or
"conclude" which are just instructions to the proof author (as opposed to the reader) for how to
justify the indicated lines.

Natural Deduction

We now turn our attention to a formal axiom system that is based on one first formulated by
Gerhard Gentzen in 1934 as a formal system that closely imitates the way mathematicians actually
reason when writing traditional expository proofs.

Propositional Logic

The Statements of Propositional Logic

AT /s

Definition. Let ¢, i be statements. Then the five expressions “—¢”, “¢ and ¢”, “¢ or ¢”, “p =
Y”, and “¢ © 1" are also statements whose truth values are completely determined by the truth
values of ¢ and ¢ as shown in the following table:

¢ Y ¢ ¢andy @ory @=yY @Y
T T F T T T T
T F F F T F F
F T T F T T F
F F T F F T T

We can also write 'not’ for —, “if and only if” for <, and "implies’ for =. A statement of the form
"¢ = Y’ is called a conditional statement or an implication, and can be written in English as "¢ implies
Y, "if ¢ then ¢, "¢ follows from ¢’, or 'y, if ¢’.

Definition. The statements S, of Propositional Logic consists of
1. Atomic Statements that do not contain any of the five logical operators, and
2. Compound Statements that are one of the five forms, —¢, ¢ and ¢, p or P, p =, or p &1
where ¢ and 1 are any elements of S.

Note: In compound statements we usually put parentheses around the statements ¢ or ¢ involved.
For instance if ¢ is the statement ‘P or Q" and 1 is the statement ‘R and S’ then ¢ = 1) should be
written

(P or Q)=(R and S)
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in order to avoid the confusion that ‘P or Q= R and S" might actually mean something like
Por(Q=(R and S)). In order to cut down on parentheses, we assign a precedence order for
our operators, meaning we apply the operators in the following order (from highest to lowest).

Precedence of Notation

parentheses, brackets, (), {}, [] etc.
arithmetic operations® A, -, +, ... etc.

set operations X, —,N, U, ... etc.

arithmetic and set relations =, C, <, #, . .. etc.

not
and, or
=
S
v, d, 3!

* with the usual precedence among them

The Rules of Propositional Logic

Natural deduction generially defines a pair of rules for each definition. A ‘plus’ rule is used to
prove statements that contain the thing being defined from statements that do not, while ‘'minus’

rules do the opposite.

Rules of Propositional Logic

Name Rule
and+ ¢, + (¢ and )
and-— (p and ) - ¢
(p and ¢) + ¢
or+ @ F(pory)
Y (pory)
or— (proof by cases) (pory)(p=p),@=p)krp
=+ @roy)rle=19)
= — (modus ponens) (=9, pry
&+ =9, @=9r@sy)
&- (e r@=1)

not+ (proof by contradiction)
not— (proof by contradiction)

——+

(peoPrE=09)
(pF =) Fnote
(notp + =) ko
@, (notp) F —«
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We can also list these rules in template notation that mirrors how they are used in proofs.

Propositional Logic

and + and —
@ @ and
l’b ........................................................
........................................................ [
@ and Y
=+ = — (modus ponens)
Assume @ %
2 p=v
P
........................................................ Y
p=v
S+ o -
p=1 Py
¢ :> @ ........................................................
........................................................ =1
Py y=¢
or + or — (proof by cases
' @ ory
........................................................ p=p
pory v=p
pore  (CONCLUDE) .o
p
not + (proof by contradiction) not — (proof by contradiction)
Assume @ Assume —@
— —
— —
- '
——+ copy
' P
C@ U(SHOW) e
........................................................ @
S
Remarks:

e The symbol « is an abbreviation for “end assumption”.

e The symbol — « is called “contradiction” and represents the logical constant FaLsE.
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e The word Assume is actually entered as part of the proof itself, it is not just an instruction in
the recipe like ’ “and’ ",

e The inputsAssume- and “«" are not themselves statements that you prove or are given, but
rather are inputs to rules of inference that may be inserted into a proof at any time. There is
no useful reason however, to insert such statements unless you intend to use one of the rules
of inference that requires them as an input.

e The statement following an Assume is the same as any other statement in the proof and can
be used as an input to a rule of inference.

e Statements in an Assume-« block can be used as inputs to rules of inference whose conclu-
sion is also inside the same block only. Once a Assume is closed with a matching <, only the
entire block can be used as an input to a rule of inference. The individual statements within
a block are no longer valid outside the block. We usually indent and Assume-« block to
keep track of what statements are valid under which assumptions.

Definition. A compound statement of propositional logic is called a tautology if it is true regardless
of the truth values the atomic statements that comprise it. (Its "truth table" contains only T’s.)

It can be shown that a statement can be proved with Propositional Logic if and only if the statement
is a tautology.

Formal Proof Style

One way to write down the proof of a theorem is called a formal proof. This style of proof consists
of a sequence of numbered lines containing statements, reasons, and references to premises. Every
line contains exactly one statement (or declaration - see below), and the reason given on that line
is the name of a rule of inference for which the statement on that line is the conclusion. If the rule
of inference has premises, the reason is followed by the line numbers containing the statements
(or variable declarations) which are the premises that the rule is being applied to. References to
premises can only refer to lines which appear earlier in the same proof which are not contained in
a subproof that has been closed. Subproofs used as a premise are cited by listing the range of line
numbers comprising the subproof.

Example 2. Let P and Q be statements. Prove the following case of DeMorgan’s Law, namely that

=P or -Q= —=(P and Q)

Proof.
1. Assume =P or —-Q -
2. Assume —-P -
3. Assume P and Q -
4. p by and —; 3
5. S by =« +;2,4
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6. — -
7. —(P and Q) by not+; 3,5,6
8. — -
9. =P = —(P and Q) by =+;2,7,8
10. Assume -Q -
11. Assume P and Q -
12. Q by and —; 11
13. S by —«+;10,12
14. — -
15. —(P and Q) by not+; 11,13, 14
16. — -
17. -Q= (P and Q) by =+; 10,15,16
18. =(P and Q) by or-;1,9,17
19. — -
20. =P or -Q = —(P and Q) by = +;1,18

a

Notice that when a rule of inference has a subproof for a premise, we indicate this by citing the
line numbers for the assumption, the conclusion, and the end of assumption block indicator (<)
e.g., as shown in line 7 above.

Exercise 3. Give a formal proof for the reverse case of DeMorgan’s Law, namely that

=(P and Q)= =P or =Q

Exercise 4. Give a formal proof for yet another case of DeMorgan’s Law, namely that

=(P or Q) & =P and —-Q

Predicate Logic

We can extend Propositional Logic by adding more statements and rules of inference to those we
already have in our formal system. This extended formal system is called Predicate Logic.

Quantifiers

The symbol A in the lambda expression (Ax, E) is an example of a quantifier. The thing that all
quantifiers have in common is that they bind variables. If W is an expression that does not contain
any quantifiers, then every occurrence of every identifier that appears in the expression is said to
be a free occurrence of that identifier.

If a quantifier appears in an expression, there are one or more variables that itbinds. All occurrences
of the variables that are in the scope of the quantifier (usually everything to the right of it until a
scope delimiter for that quantifier is encountered) are called bound variables.
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Predicate logic extends propositional logic by defining two additional quantifiers.
Definition. The symbols ¥ and 3 are quantifiers. The symbol V is called “for all”, “for every”, or
“for each”. The symbol Jis called “for some” or “there exists”.

We will encounter more quantifiers beyond just these two and A.

Statements
Every statement of Propositional Logic is still a statement of Predicate Logic. In addition we define

the following statements.

Definition. If x is any variable and W is a lambda expression5 that simplifies to a statement when
applied to any expression having the same type as x, then (Vx, W(x)) and (dx, W(x)) are both
statements.

We say that the scope of the quantifier in (Vx, W(x)) and (dx, W(x)) is everything inside the outer
parentheses. Sometimes these parentheses are omitted when the scope is clear from context. All
occurrences if x throughout the scope are said to be bound by the quantifier.

Variable declaration

Before using a free identifier for the first time in any expression in our proofs we should tell the
reader what that identifier represents. There are four ways to introduce a new free identifier.

1. It can be declared to be a variable (a variable declaration).
2. It can be declared to be a constant (a constant declaration).

3. Itcanbe defined as temporary new notation, usually as an abbreviation for a larger expression
(a notational definition).

4. It can occur free in an expression preceding the proof itself, such as in the statement of the
theorem, in a premise that is given, or declared globally prior to the start of the proof (globally
declared).

Bound variables do not have to be declared. They can be any identifier you like, as long as that
identifier is not in the scope of more than one quantifier that binds it.

Rules of Inference

The rules of inference for these two quantifiers are as follows.

Rules of Inference for Predicate Logic

Name Rule
Y+ (LET s BE ARBITRARY F ¢(s)) F (Vx, ¢(x))
V- (Vx, @(x)) + ()

®Not containing x.
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Rules of Inference for Predicate Logic (cont.)

Name Rule

I+ @) + (3x, p(x))

- (Ix, p(x)) - FOR SOME CONSTANT ¢, ¢(c)

U+ (3x, p(x) and Yy, p(y) =y = x) + TAlx, p(x))
J— (Alx, p(x)) F Ix, p(x) and Yy, p(y) =y = x

These can also be expressed in template notation.

Predicate Logic®

V+ V-
Let s BE ARBITRARY Vx, p(x)
(p(s) ........................................................
- (1)
Vx, p(x)
1+ -
p(t) Ax, p(x)
Ax, p(x) For some ¢,
¢(c)

*Restrictions and Remarks

In ¥+, s mustbe a new variable in the proof, cannot appear as a free variable in any assumption
or premise, and W(s) cannot contain any constants which were produced by the 3—rule. The
indentation and < symbol indicate the scope of the declaration of s. Variables s and x must
have the same type.

In V- and 3+, no free variable in t may become bound when t is substituted for x in W(x).
Variable x and expression t must have the same type.

In 3+, t can be an expression, and W(x) can be the expression obtained by replacing one or
more of the occurrences of t with x. The identifier x cannot occur free in W(t). Variable x and
expression t must have the same type.

In 3—, ¢ must be a new identifier in the proof. Also W(c) must immediately follow the
constant declaration for c in the proof. The scope of the declaration continues indefinitely or
until the end of the scope of any subproof block or variable declaration scope that contains
the constant declaration. Variable x and constant ¢ must have the same type.

One consequence of this is that it enforces the restriction on V+ that prohibits any constant
declared with 3- to appear in W(s) because after the application of Y+ any free occurrence
of ¢ is no longer in the scope of the original declaration (and therefore undeclared).
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Equality

Finally, we can complete our definition of logic by adding the rules of inference for equality.

Definition. The equality symbol, =, is defined by the following two rules of inference.

Rules of Inference for Equality

Name Rule

reflexivity F(x = x)

substitution (x =v), ¢ + (¢ with one or more free occurrences of x replaced by v)
Equality

Reflexivity Substitution®

........................................................ x=y

X=X )

@ with any free occurrences of x replaced by

Y.

*Restrictions and Remarks
e Note that in the Reflexive rule there are no inputs, so you can insert a statement of the form
x = x into your proof at any time.
e No free variable in y can become bound when y is substituted for x.

Rather than make a formal definition for the symbol # we will simply define x # y to be convenient
shorthand for —(x = v)

0.2 Appendix B: Sets, Functions, Numbers

The symbol € is formally undefined, but it means “is an element of”. The expression x € A is a
statement that is true if and only if A is a set and x is an element of A. Modern set theory is usually
based on the Zermelo-Fraenkel axioms which are robust but sophisticated. Most mathematicians
use the slightly more informal definitions listed below, which will be sufficient for our purposes.

Aswith # we will consider x ¢ A to be an abbreviation for —(x € A) that can be used interchangeably
rather than defining it separately.

Elementary Set Theory
Name Definition
Empty set Yx,x &1}
Finite set notation xe{xy,..., Xy} ©x=x10r---0r x=2Xx,
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Elementary Set Theory (cont.)

Name Definition

Set builder notation” xely: o)} e e
Subset ACBoe Vx,xe A=>x€B
Set equality A=Bo© ACBand BCA
Power set P(A)={B:BCA}
Intersection xeANBe xeAand xeB
Union xeAUBsxeAorxeB
Set Ditference xeB-AoxeBand x¢ A
Complement xeAlexgA

Indexed Intersection
Indexed Union

Two convenient
abbreviations

Partition of a set

solution set of W

xeNA; e Viiel>xeA;

iel
xelJA; e Jijieland x € A;

i€l
(VxeA pkx) e Vxr,xe A= @)
(Ixe A ¢ (x)) © Ix,x € A and ¢(x)

Pis apartitionof A & (VSeP,S#@and SCA)andA= U S
SeP
andVSePVTePS=TorSNT=0

{s: W(s)} where W is a lambda expression that returns a
statement

*Set builder notation and indexed union and intersection are quantifiers that bind the variables y and i in their respective
definitions. Thus, for example, i and i can be replaced by alpha substitution.

*To solve a statement is to find its solution set. The values of s in the solution set must have the same type as the input

to W. For multivariable statements the solution set is the set of all ordered tuples that make it true.

Name

Cartesian Products

Definition

Ordered Pairs
Ordered n-tuple
Cartesian Product
Cartesian Product

Power of a Set

xy)=wv)eox=uand y=v
(X],.««,xn):(yll“"yn)®x1=y1 and...and xn:yn
AxB={(x,y):x€Aand y € B}
Alx...)(An:{(xll...,xn):xlEAl and --- and Xn eAn}

A" = AX A X --- X A where there are n occurrences of A in the
Cartesian product
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Name

Functions

Definition

Def of function

Alt. function notation
Def of f(x)

Domain

Codomain

Function equality
Image (of a set)
Range

Identity Map
Composition
Injective (one-to-one)°®
Surjective (onto)!
Bijective

Inverse

Invertible

Inverse Image

Binary Operation

f:A—->B& fCAxBand (Yx,3ly,(x,y) € f)
ALBofASB

fiA->B=f(x)=ye (xyef

f: A — B = Aisthe domain of f

f: A — B = Bis the codomain of f

f=ge f:A—>Band g: A— Band Va€ A, f(a) = g(a)
fi:A—>Band SCA= f(S)={f(x):x €S}

f:A— B= f(A)is the range of f

idg: A > A and VYx,id4 (x) = x

ALBandBS Cc=A%% Cand Vx,(go f)(x) =g(f(x)
fisinjective @ Vx e AVyeA, f(x)=f(y) =>x=y

f is surjective & Vy € B,Ax € A,y = f (x)

f is bijective & f is injective and f is surjective

gisaninverse of f &
ftA—>Band g:B—Aand fog=idpand go f =idy

f is invertible & g, g is an inverse of f
f:A—>BandSCB= fiV(S)={x€A: f(x)€S}

Any function * : G X G — G is called a binary operation on G

*Another way to define a function is to say that it is a triple, (f, A, B) where f is a lambda expression, A is a set of

elements the type f can be applied to, and B is a set of elements of the type f outputs. Note that f(a) represents the

same element in both definitions.

Famous Sets of Numbers

Name Definition

The Natural Numbers N=1{0,1,2,3,4,...}

The Integers Z={...,-3,-2,-1,0,1,2,3,...}

The Rational Numbers Q= { 3:a€Z,beNb>0,and ged(a,b) =1 }
The Real Numbers R = {x : x can be expressed as a decimal number }
The Complex Numbers C={x+yi:x,yeR}wherei®=-1

The positive real numbers
The negative real numbers

The positive reals in a set A

Rt ={x:xeRand x>0}
R ={x:xeRand x <0}
At =ANR*

®Where f: A — B.
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Famous Sets of Numbers (cont.)

Name Definition

The negative reals in a set A AT=ANR"

The first n positive integers IL,={12,...,n}

The first n + 1 natural numbers 0, ={0,1,2,...,n}
Sequences

Definition. A finite sequence is a function t : I, = A where 7 is a natural number and A is a set.
An infinite sequence is a function ¢ : IN* — A where A is a set. In either case, t (k) is called the k'
term of the sequence.

Remark. It is often convenient to say that t is a finite (resp infinite) sequence if t : O, — A (resp.
t:IN — A). In this case we say that ¢ (k) is the k + 15 term of the sequence.

Notation. If t : I, — A is a finite sequence we write
t1,t2,t3,...,t,
as another notation for ¢, where t; = t (k) for all k € I,,. Similarly if t : N* — A we write
t,t,t3,...

for t where t; = t (k) for all k € N*.

Remark. Sometimes for readability we might want to enclose a sequence in parenthesis. For
example, we might write “Let t = (1,2,3,4)” instead of “Let t = 1,2,3,4”. In this sense there is
really no distinction between n-tuples and finite sequences.

Notation. We use an overbar to indicate an infinite repeating sequence, i.e.
to, t1,.-., te—1,tkr oo tk+1’l—1
denotes the sequence infinite sequence t such that t; = t,(i—x)Mod ) for all i > n.

0.3 Appendix D: Equivalence Relations

Definition. Let A be a set. We say that R is a relation on A if and only if R C A X A.
Notation. Let R be a relation on A. For any x, y € A, we write
xRy e (x,y)eR (infix notation)

and
R(x,y) © (x,y)€R (prefix notation)
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Definition. Let R be a relation on A. Then

1. Ris reflexive if and only Vx € A, xRx
2. Ris symmetric if and only Vx € A,Vy € A, xRy=yRx
3. Ris transitive if and only Vx € A,Vy € A,Vz€ A,xRy and yRz=xRz

Definition. Let R be a relation on A. Then R is an equivalence relation if and only if R is reflexive,
symmetric, and transitive.

Definition. Let R be an equivalence relation on A and a € A. Then the equivalence class of a, denoted,
[a]g, is the set

[alr ={x:xRa} (equivalence class)

Notation. We often abbreviate [a]g by [a] when the relation R is clear from context.

Theorem (Burning!!). Let R be an equivalence relation on A and a,b € A. Then

[a] = [b] ©aRb.

Corollary. Let R be an equivalence relation on A. Then A is a disjoint union of equivalence classes,

1e.,
A=l

Va,be A, [a] =[b] or [a]N[b] =0

and

We summarize these definitions along with a few others regarding relations in the following table.

Relations
Name Definition
Def of relation ~ is a relation from AtoB & ~C AXB
Relation on a set ~isarelationonA & ~CAXA
Infix notation x~ye(xy)e~
Prefix notation ~(xy) e (xy e~
Reflexive relation’ ~isreflexive © Vx € A, x ~ x
Symmetric relation’ ~is symmetric & Vx € A, Vy e A, x ~y=y ~x
Transitive relation’ ~ is transitive & Vx € A,Vy € A,Vz€ A, x~yand y~z=>x ~z
Equivalence Relation ~ is an equivalence relation & ~ is reflexive, symmetric, and
transitive.

"Where ~ is a relation on a set A
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Relations (cont.)

Name Definition

Equivalence Class” ~ is an equivalence relationanda € A= [a]. = {x € A: x ~a}

*We often abbreviate [a]. by [2] when the relation ~ is clear from context.

0.4 Appendix C: Math Induction
The Natural Numbers

It is possible to define the Natural Numbers and addition, multiplication, and < for those numbers
from scratch. One famous way of doing that was developed by Giuseppe Peano at the end of the
19t century. It defines constants 0, +, -, 0 and IN.

Peano Postulates

Name Axiom

(NO) existence of zero 0eNN

(N1) existence of successors Vn,o(n) € N

(N2) uniqueness of predecessor VYn,¥m,o(n) =o(m) =>m=n
(N3) zero is first Vn,0 # a(n)

(N4) induction P (0) and (Vk, P (k)= P (a(k))) = Vn, P (n)
(A0) additive identity Vun+0=n

(A1) successor addition Vun,Ym,m + o(n) = o(m + n)
(MO) multiplication by zero Vn,n-0=0

(M1) successor multiplication VY, Nm,m-cn)=m+m-n

(I) order YnVmm<no Ikm+k=n

In all of the axioms the quantified variables have natural number type, so that in particular we can
only apply the V- rule for expressions which also are type natural number. In N4 above and in the
following, P (n) is a statement about a natural number variable 7 (i.e., P is a lambda expression that
returns a statement when applied to a natural number variable n). Axiom N4 is called mathematical
induction, or simply induction. While not strictly necessary, the following definitions are useful.

Definition (base ten representation). We define the usual base ten representations of natural
numbers such that 1 = ¢(0), 2 = ¢(1), 3 = 0(2), 4 = ¢(3),...and so on.

Definition (less than). Vm,Vn,m <nom <n and m # n.
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Theorem. Forall n € IN,

on)=n+1

Strong Induction

Theorem (Strong Induction). Let P (n) be any statement about a natural number variable n. Then

(P(0) and ¥k, (¥j <k, P(j)) = P (a(k))) = VYn,P (n).

Note that for both standard induction and strong induction we can replace the P(0) with P(a) for
some a € IN in which case the resulting conclusion is valid for all # > a. This gives us the following
flavors of induction which can be stated in recipe notation.

Induction

induction
P(0)
Letke N
Assume P(k)
P(k+1)

strong induction
P(0)
Letk € IN
Assume Vj <k, P(j)
P(k+1)

induction from a
DP(a)
Letk>a
Assume P(k)
P(k+1)

Vn >a, P(n)

strong induction from a
P(a)
Letk>a
Assume Vj € {a,a+1,...,k}, P(j)
P(k+1)

1 Arithmetic in Z Revisited

1.1 Integers

Theorem (Well Ordering Axiom). Every nonempty set of natural numbers contains a least element,

1.e.

VSCIN,S+0=3dmeSVneS m<n.
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Lemma. The minimum of a set of natural numbers is unique.
Notation. If S is a nonempty set of natural numbers, we denote its least element by min (S).

Remark. It can be shown that the following are equivalent: Math Induction, Strong Math Induction,
and the Well Ordering Axiom.

Theorem (Division Algorithm for Integers). Let a,b € Z, and b > 0. Then there exist unique
integers q,v € Z such that
a=gb+rand 0<r<b

Definition. In the Division Algorithm Theorem, we call g the quotient and r the remainder when
a is divided by b. In this situation we also define

aquob =gq
amodb =r
Number Theory
Well ordering theorem def of min
SCIN SCIN
S+0 S+0
For some m € S, min(S) € S
YseSm<s
SCIN
S+0
seSs
min(S) <s
Division Algorithm (existence) Division Algorithm (uniqueness)
a,be”Z a,b,q,re”Z
b>0 b>0

........................................................ a:bq+randosr<b
Forsome q,r € Z, = (constantdeclaralion) oo

a=bqg+r g=aquob
0<r<b r=amodb
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1.2 Divisibility in Z
Definition (divides). Leta, b € Z and b # 0. Then

blae geZ,a=qb

Definition (even and odd). Leta € Z. We say that a is even if and only if 2 | 4, and we say that a is
odd if and only if a is not even.

Lemma. Leta,beZ. Ifblaanda # 0thenb <|a|.

Definition (gcd). Leta,b,d € Z, a # 0 or b # 0. Then we say d = gcd (g, b) if and only if

1.d>0
2.d|laand d | b
3.YVceZ,claandc|b =>c<d

Theorem (Bézout’s Lemma). Leta, b € Z not bothzero,andd = ged (a, b). Then 3s,t € Z, sa+tb =
d and d is the smallest positive integer of this form.

Corollary (alt def of ged). Leta,b,d € Z, a # 0or b # 0. Then d = ged (a, b) if and only if

1. d>0
2. d|laand d | b
3. YceZ,claandc|b = c|d

All identifiers in the following recipes have type integer.

Divisibility in Z
divides divides
a,bge”Z abeZ
a=qb bla
bla For some g € Z,

a=qb
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Divisibility in Z (cont.)

ged ged
a,bdeZ d = ged(a, b)
g;&OOI‘b;&O ........................................................
d>0 az0orb+#0
dlaand d | b d>0
Letce Z dl|a
Assumec|aand c|b d|b
c=d d = ged(a, b)
< cla
..... ) clb
d: ng(a,b) cgd ..................................................

Bézout’s Lemma

a,be”Z
a#0orb+#0

For some s, t € Z,

Bézout’s Lemma

a,buve”Z
a#0orb+0

ged(a,b)|lu-a+v-b

ged(a,b)=s-a+t-b

1.3 Primality in Z
Definition. Letp € Z —{0,+1}. We say that p is prime if and only if Vc € Z,c | p=>c € { 1, +p}

Definition. Let p € Z. We say p is composite if and only if p ¢ {0, £1 } and p is not prime.

Remark. Notice that the numbers 0, 1, "1 are neither prime nor composite. Hence “composite” does
not mean “not prime”.

Theorem. Let a,b,c € Z. Ifa | bc and gcd(a,b) = 1 thena | c.

Lemma (mutual divisors). Leta, b€ Z. Ifa|band b | a then a = +b.

Theorem (alt def of prime). Let p € Z — {0, +1}. Then

pisprime & Vb,ceZ,plbc=>p|borp|c
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Theorem (not prime). Let p € Z—{0,+1}. Then

pis not prime & da,be Z,p =aband a,b ¢ {+1,+p}

Corollary (composite). Letp € Z —{0,+1}.

p is composite < Jda,b € Z,p = taband 1 <a,b < |p|

Theorem. Every integer except 0, +1 is a product of primes.

Note: Here a “product” can have only one factor.

Theorem (Fundamental Theorem of Arithmetic). Every integer n except 0, +1 can be expressed
uniquely as a product of primes in the form

n = +241325%87% ... gk

where p; is the i positive prime, k and ey are positive integers, and each e; € IN.

Notation. It is commonplace to write the prime factorization of an integer by omitting any prime
factor whose exponent is zero in the expression given by the Fundamental Theorem. Thus we can
say that the prime factorization of n is

— €1,,62 €k
=P

where p; < pp < --- < py are positive primes and ey, ..., e, € Z*

The free variables in the following proof recipes have type integer.

Primality in Z
prime prime
p€Z-{0,+1} p 1S PRIME
Let CcE Z ........................................................
Assumec | p p¢10,£1}
c € {£1, £p} p 1S PRIME
— clp
PP
........................................................ c € {1, +p}
p 1S PRIME
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Primality in Z (cont.)

alt. def. of prime alt. def. of prime
p€Z-{0,+1} p,bce”Z
Letb,ce Z p 1S PRIME
Assume p | bc plbc
p | b or p | C  (SHOW)  srrrsrrrreeressssiiiiiiiiiiiiii ittt
- plborpl|c
“—
p 1S PRIME
composite composite
C IS NOT PRIME p 1S COMPOSITE
c ¢ {0/ il} ........................................................

........................................................ p 1S NOT PRIME
p 1S COMPOSITE p ¢ {0, +1}
For some a, b,
1<ab<|p|land p = +ab

Fund. Thm. of Arithmetic (existence) Fund. Thm. of Arithmetic (uniqueness)
n e Z - {0} n e Z - {0}
........................................................ k’ m e N

Pi,---,Pk/q1,---,Gm ARE PRIMES
€1,...,€k,d1,...,dm eZ*
l<pi<pa<---<px
1<p1€<pez<-~e«<pk 1<E]1<(12<"'<11m

n= ipllp;'”pkk "= iP?P?"'P?‘

n =y gy

P1,-..,Pk ARE PRIMES

P1r=491,P2=492,---,Pk = gk
e1 =dy,ep=dy, ..., e =dy
(and the signs match)

2 Congruence in Z and Modular Arithmetic

2.1 Congruencein Z

Definition. Leta,b,n € Z and n > 0.

a=ben|la-b

Remark. The textbook writes a = b (mod n) fora = b.
n
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Theorem. = is an equivalence relation on Z.
n

Definition. Letn € N and n > 1. Then

Zn:{[x]:xEZ}

Remark. Note that in the definition of Z,, [x] is the equivalence class of x with respect to =.
n

Corollary. Let n € N withn > 1.

1. Leta € Z. If r is the remainder when a is divided by n then [a] = [r] (and a = 7).
2. Zy = { [0],11],12],...,[n = 1] } and the n elements are distinct.

In the following table all variables have type integer, n is a positive integer, and the equivalence

classes are for the relation =.
n

Congruence in Z

= =
nla-> a=b
a=b nla-">
n
Z, Zy
x € Z, k,je{0,1,2,--- ,n—1}
........................................................ k¢]
Forsomea € Z, = (constant declaration) ool
x = [4] (k] # [j]

class representative (existence)

For some k,
0<k<n-1
x = [k]

class representative (uniqueness)
0<ij<n-1

[i] = [/]
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2.2 Arithmeticin Z,

Theorem. Leta,b,c,d,n€Z,n> 1. Ifa=bandc =d then
n
a+c=b+d
n

and
a-c=b-d

n
Corollary. Let a,b,c,d,n € Z,n > 1. If [a] = [b] and [c] = [n] then

[a+c]=[b+d]

and
[a-c]=1[b-d]

Definition. Let X be a set. A binary operator on X is a function f: X x X — X.

Remark. We usually use infix notation when applying binary operators to their arguments, i.e., we
write (a f b) instead of f(a,b).

Definition. Let n € IN™.

®={((4,B),C):da,beZ A=1a], B=[b], and C = [a+b]}
©={((A,B),C):da,beZ, A=1a], B=[b], and C = [a-b]}

(where the equivalence classes are with respect to =.)
n

Theorem. @, ® are binary operators on Zy, i.e., ®: Zy X Zy — Z, and ©: Zy X Zy — Zy.

Remark. This theorem allows us to use infix notation to write the definitions more conveniently in
this form:

[a] @ [b] = [a +b]

[a]©[b] = [a- D]
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Theorem (Ring Properties of Z,). Forall A,B,C € Z,,

1. Ae(BeCO)=AaB)aC
A®B=Ba®A
[OleA=A®[0]=A

X eZ, A® X =[0]
AGBoC)=A6B)6C
AOBa®C)=(A0B)®(A0C)
AGB=B0OA
Ao[l]=[1]cA=A

© NSO W

Lemma (multby 0in Z,). Letn € Z* and A € Z,,. Then [0]© A = [0]

(associativity of &)
(commutativity of ®)
(identity of @)
(inverse of @)
(associative of ©)
(distributivity of ©, ®)
(commutativity of ©)
(identity of ®)

Again in this table, 7 is a positive integer and all equivalence classes are with respect to =.
n

Arithmeticin Z,,

modular arithmetic modular arithmetic
a,b,c,de”Z a,be”Z

5 (0] ®[0] = [a + ]
W) ja]@ [b] = [a-b]
a+c=b+d
a-c Enb -d

2.3 AlgebrainZ,

As is frequently the convention, write will sometimes write st as an abbreviation for s © t as long

as it is clear what the missing multiplication is from context.

Any number that has a multiplicative inverse is called a unit. Two nonzero numbers whose product
is zero are called zero divisors. In these terms the following theorem says that p is prime precisely
when Z,, has no zero divisors, and equivalently, every nonzero element of Z, has a multiplicative

inverse.

Theorem. Let p € Z and p > 1. The following are equivalent.

1. pis prime
2. Va € Z, - {[0]},3x € Z,, ax = [1]
3. Ya,b € Zy,ab =[0] = a=[0]orb = [0]
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Theorem (solving linear equations Z,). Letn € N*,a,b € Z,, r,s€ Z,a = [r], b =[s], a # [0],
d = gcd(r, n), and x a variable of type Z.,.

1. If nis prime then ax = b has a unique solution in Z,,.
2. If nis not prime and d | b then ax = b has d solutions in Z.,,.
3. If nis not prime and d 1 b then ax = b has no solutions in Z,,.

Solving Linear Equations in Z,

Z,, for prime p Z, for prime p
p is prime p is prime
a€”Zy,—[0] a,bez,
........................................................ a @ b — [O]
Forsomec € Z,, (constant declaralion) oo
adc=1]1] a=1[0] or b =]0]
Z,, for prime p Z, for prime p
Leta € Z, - [0] Leta,b € Z,
IxeZya0x=[1] Assume a © b = [0]
- a=1[0] or b =[0]
........................................................ -
p is prime —
p is prime
3 Rings

3.1 Definition and Examples of Rings

Definition (ring). A ring is a triple (R, +,-) where R is a set and +, - are binary operations on R such
that forall x, y,z € R,

L.x+(+2z)=(x+y)+z (associativity of +)
2. x+y=y+x (commutativity of +)
3. teR,VxeR,t+x=x=x+t (identity of +)
4. JueR,x+u=t (inverse of +)
5. x(y-2)=x-y)-z (associative of -)
6. x-(y+z)=(x-y)+(x-z)and (y+z)-x=(y-x)+(z-x) (distributivity of -, +)

Remark. The t in #4 refers to any t described in #3, so that technically #4 should say:

VieR,(VxeRt+x=x=x+t)=>VxeR,JueR,x+u=t

Lemma (uniq of add ident). Let (R, +,-) be a ring and t,u € R. IfVx € R,t+x = x = x +t and
U+ x=x=x+uthent=uie., the additive identity of a ring is unique).
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Notation. We write Or for the unique additive identity of a ring (R, +, -).
Notation. We also usually abbreviate a - b as ab.
Notation. We often refer to the ring (R, +, -) as the ring R.

Lemma (uniq of add inv). Let (R, +,-) bearingandu,v,x € R. Ifu+x = Or = x+uand v+x = Og = x40
then u = v (i.e. the additive inverse of x in a ring is unique)

Notation. We write ~x for the additive inverse of x in a ring R.

Definition (of subtraction). Let (R, +,-) be a ring and 4,b € R. Then a — b is defined to be

a+ (_b).

Types of Rings

Definition (commutative ring). Aring (R, +, -) isa commutative ring if and only if Va, b € R, ab = ba.

Definition (ring with identity). A ring (R, +,-) is a ring with identity if and only if 3i € R, Vx €
R,ix = x = xi.

Lemma (uniq of mult ident). Let (R, +,-) be a ring and u,v € R. If
Vx e R,ux =x=xu and vx = x = xv
then u = v (i.e. the multiplicative identity for a ring is unique).
Notation. If R is a ring with identity we write 1 for the unique multiplicative identity of R.

Lemma (uniq of mult inverse). Let (R, +,-) be a ring with identity 1g and x,u,v € R. If
ux = 1g = xu and vx = 1g = xv
then u = v (i.e. a multiplicative inverse of an element of a ring is uniqgue).

Notation. If R is a ring with identity we write x™! for the unique multiplicative inverse of x in R.

Definition (integral domain). Aring (R, +, -) is an integral domain if and only if it is a commutative
ring with identity 1z # Og and Va,b € R,ab=0r = a =0g or b = Or.

Definition (field). Aring (R, +,-)isafield if and only if is a commutative ring with identity 1z # Og
and Va € R—-{0r},dx € R,ax = 1z (i.e., every nonzero element has a multiplicative inverse).
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Rings
ring ring
+:RXR—>R (R, +,-)isaring
-:RXR—>R x,y,z€R
Letx, y,z € R (variablodoclaration)  f@foesesssssmsmsmsamsitii
x+(y+z)=x+y) +z X+(y+z)=@+y)+z
X+y=y+x X+y=y+x
J0g € R, Vx,0r +x = x = x + Og Og € R
I xeR x+x=x+("x)=0g Or +x=x=x+0r
“x€R

x-(y-z)=x-y) -z
x-(y+z)=x-y+x-z
(y+z) - x=y-x+z-x

(R, +,-)is aring

“x+x=x+(x)=0r
x-(y-z)=(x-y)-z
x-(y+z)=@-y)+(x-2)

commutative ring

(R, +,-)isaring

commutative ring

(R, +,-) is a commutative ring

Letx,y € R x,y€R
XYSY-X(SHOW) e
- X-y=y-x

(R, +*) is a commutative ring

ring with identity ring with identity

(R, +,-)is aring (R, +,-) is a ring with identity

ieR x€R
Let x e R ........................................................
irx=x=x-i Ir €R
- Ig-x=x=x-1g

(R, +*) is a ring with identity

1R=1
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Rings (cont.)

integral domain integral domain
(R, +,-) is a commutative ring (R, +,) is an integral domain
(R,+,)lsal‘lngWIthldentlty ......... ..... S
1g # Og (R, +,-) is a commutative ring
Letx,y € R (R, +, ) is a ring with identity
Assume x - y = O 1r # Or
x=0gr or y=0gr (R, +,) is an integral domain
— x,y €R
— x-y=0r
(R, +*) is an integral domain x=0gr or y=0r
field field
(R, +,-) is a commutative ring (R,+,-) is a field
(R,+,)lsarlngWIthldentlty ......... ..... S
1r # Og (R, +,-) is a commutative ring
Letx € R — {Og} (R, +,) is a ring with identity
yeRx-y=1g Ig # 0
— (R, +,-)is a field
........................................................ X € R
(R, +,-) is a field T Y
xeR
x-xt=xl-x=1z

subtraction

(R, +,-)isaring
X,y E€R

x—y=x+(y)

Subrings

Definition (subring). Let (R, +,-) be aring and S C R. (S, +,-) is a subring of (R, +, -) if and only if
(5, +,-) is a ring (where + and - denote the restrictions of the original +, to S).

Theorem (subring thm). Let (R, +,-) bearingand S C Rand S # 0. If

1. Ya,beS,a—beSsS
2. Ya,be S,abe S

then (S, +,-) is a subring of (R, +,-).
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Cartesian Product of Rings

Theorem (Cartesian Product of Rings). Let (R, +,-), (S, +, ®) be rings and define

(r,s)® (u,v) = (r+u,s +v)

(r,5) © (u,v) = (r-u,s e v)

forany (r,s),(u,v) € RXS. Then (R X S,®,0) is a ring.

Remark. In the previous theorem if we use + for the addition in both rings R, S and abbreviate
products by concatentation, then the previous definitions become simply

(r,s)® (u,v) =(r+u,s+0)

(r,s) © (u,v) = (ru, sv)

Subrings and Cartesian Product Rings

subring

(R, +,)isaring

SCR
Letx,yeS$
x+y€eS
X-y€eS
—

(S +,-)isaring

(S, +,-) is a subring of (R, +,)

subring

(S, +,-) is a subring of (R, +,)

SCR
(S, +,-) is aring

Cartesian product ring

(R, +,-)isaring

(S,+,9)is aring
Letr,seRand u,ve S
(r,5)® (u,v) = (r +s,u+0)
(r,s) © (u,v) =(r-s,uev)

(RxS,®,0)isaring

Cartesian product ring

(R, +,-)isaring

(S,+,0)is aring

(R X S,®,0) is the Cartesian product ring of R
and S

r,s€ Rand u,v € S

(r,s)® (u,v) = (r+s,u+0v)
(r,s)© (u,v)=(r-s,uev)
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Subrings and Cartesian Product Rings (cont.)

subring theorem

(R, +,-)is aring

SCR

S#0
Letx,yeS
xX—y€eS
X-y€S
-

(S, +,-) is a subring of (R, +,-)

3.2 Algebra in Rings

Theorem (the Algebra Theorem I). Let (R, +,-) be a ring and a,b,c € R. Then

l.a+b=a+cob=c
2.a+b=coa=c-b
3.a+c=cea=0
4. a=bsa-b=0r

Theorem (the Sign Theorem). Let (R, +,-) be a ring and a,b € R. Then

1. a-OR:OR:OR~a

2.a(Cbh)= ~(ab)=(Ca)b

3. " (Ca)=a

4. ~(a+b)=(Ca)+ (b

5. 7(a—-b)= "a+b

6. (Ca)("b) =ab

7. If R has identity then ("1gr)a = ~a

Corollary (to the Sign Theorem). Let (R, +,-) be a ring and a,b,c € R. If a # Og and a = bc then
b # Og and ¢ # Og.

Definition (exponentiation and multiples). Letn € N, (R, +,-) a ring, and a € R.

=a-a-----4a

n factors
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and

na=a+a+---+a
| ——

n summands
Lemma. Let (R, +,-) be a ring with identity and a,x,y € R.

ax=1r andya=1g = x =y

Corollary (unigness of multiplicative inverse). Let (R, +, ) be a ring with identity and a, x, y € R.
ax=xa=1lgpandya=ay=1g=>x=y

i.e., multiplicative inverses are unique.

Definition (multiplicative inverse). Let (R, +,-) be a ring with identity and a,x € R. If ax = xa = 1g
we say x is the multiplicative inverse of 2 and define ™! to be this unique element x.

Definition (unit). Let (R, +,) be a ring with identity and 4 € R. If 2 has a multiplicative inverse
then we say a is a unit in R.

Definition (U (R)). Let (R, +, -) be a ring with identity. The set of all units of R is denoted U (R).

Definition (associate). Let (R, +, ) be a commutative ring with identity and a,b € R. We say a is an
associate of b if and only if a = ub for some u € U (R). If a is an associate of b we write a ¢ b.

Theorem (the Algebra Theorem II). Let (R, +,-) be a ring with identity and a,b,x,y € R, and
a € U(R). Then

l.ax=box=a1b
2. xa=bex=ba!
-1
3. a7l e U(R) and (a‘l) =a

Remark. Remember the BAN ON FRACTIONS! You may not write g instead of a~'b or ba~!
because in a non-commutative ring these last two expressions might not be equal! So the symbol

g is undefined for elements in an arbitrary ring.

Theorem (the Algebra Thm III). Let (R, +, -) be an integral domain, a,b,c € R, and a # Og. Then

ab=ac=>b=c
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Definition (zero divisor). Let (R, +,-) be a ring and a € R. Then a is called a zero divisor of R if
and only if
a#0and Ab € R,b # Og and (ab = Og or ba = Og)

Theorem (fields are integral domains). Every field is an integral domain.

Remark. As usual in mathematics, we will often omit parenthesis for associative operations such
as the addition and multiplication in a ring. We also use the precendence of operators with the
ring multiplication having a higher precedence than ring addition so that e.g. a + bc means a + (bc)
and not (a + b)c.

Algebra in Rings

unit & inverse

(R, +,) is a ring with identity
a,x €R
ax = xa = 1g

unit & inverse

(R, +,) is a ring with identity
ais aunitof (R, +,-)

........................................................ aleR

ais a unit of (R, +, ) a-at=a1la=1x
x=al

associate associate

(R, +,) is a comm. ring with identity
a,beR

u€UR)

a=ub

(R, +,-) is a comm. ring with identity
a,beR
aob

For some u € U (R),
a=ub

zero divisor

(R, +,)isaring
a,beR

a# 0g and b # Og
a-b=0g orb-a=0g

a is a zero divisor

zero divisor

(R, +,-)isaring

aeR

a is a zero divisor of (R, +, )

For some b € R — {0},
a~b:0R Orb'LI:OR

3.3 Ring Homomorphisms

Recall that we will frequently refer to a ring (R, +, -) by its set, i.e., we will call it the ring R when

+, - are understood.

Definition. Let (R, +, ), (S,®,®) be rings. Then ring R is isomorphic to ring S if and only if there

exists a function f: R — S such that
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1. Ya,beR, f(a+b) = f(a)® f(b)
2. Va,beR, f(a-b) = f(a) O f(b)
3. f is bijective

Such a map f is called an isomorphism.
Notation. For rings R, S, we write R = S to mean R is isomorphic to S.

Lemma. The identity map is a ring isomorphism.

Theorem. = is an equivalence relation on any set of rings.

Definition. Let (R, +,-),(S,®,0) berings and f: R — S. The map f is a homomorphism (or ring
homomorphism) if and only if

1. Ya,b € R, f(a+Db) = f(a) ® f(b)
2. Va,beR, f(a-b) = f(a)© f(b)

Remark. An isomorphism is a bijective homomorphism.

Remark. Note that in most situations we use +,- for the addition and multiplication (and conca-
tentation for -) in both R and S so that requirements #1,#2 in the defintions of isomorphism and
homomorphism above would be written:

1. Va,beR, f(a+b) = f(a) + f(b)
2. VYa,beR, f(a-b) = f(a)- f(b)

in this notation.

Theorem (composition of homomorphisms). The composition of ring homomorphisms is a ring
homomorphism.

Corollary. The composition of ring isomorphisms is a ring isomorphism.

Theorem (inverse of an isomorphism). If f is a ring isomorphism then f~ is a ring isomorphism.
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Theorem (Homomorphism Properties). Let f: R — S be a ring homomorphism. Let a,b € R.

1. f(Or) = 0Os
2. fCa)="f@
3. fla=b)=f@-f )
Additionally, and if R has identity and f is surjective then

4. S has identity
5. f(Ir) = 1s
6. If uis a unit in R then f(u) is a unit in S and f(u‘l) = f(u)™.

Corollary (homomorphic image). Let f: R — S be a ring homomorphism. Then f (R) is a subring

of S.
Ring Homomorphisms

ring homomorphism ring homomorphism

(R, +,-)isaring (R, +,-)isaring

(5,8,0)isaring (5, ®,0)isaring

fiR—>S f: R — Sis aring homomorphism
Letx,y € R x,y€R
f(x+y):f(x)@f(y) ........................................................
fx-y) = fx) 0 fy) fx+y =fx) e fy)
— fle-y) = f) o f(y)

f is a ring homomorphism

ring isomorphism ring isomorphism

f is a ring homomorphism f is a ring isomorphism

f is bijective .. ' ..... : ................... ‘ ...........................
........................................................ f is a ring homomorphism

f is a ring isomorphism f is bijective

4 Arithmetic in F[x]

4.1 Polynomials

Definition (eventually zero). Let (R, ®, ®) be a ring. An infinite sequence of elements of R,
ap,a1,a2,...,4y,...

is said to be eventually zero if and only if there exists N € N such that foralli > N, a; = Or .
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Definition (polynomial). Let (R, ®, ®) be a ring. A polynomial with indeterminate x and coeffi-
cients in R is an expression of the form

ag + a1X + apx> + - - + a,x"

where n € IN,ap,...,a, € R, and x is a symbol that is neither a variable nor a constant. If a, # Or
then 7 is called the degree of the polynomial and a, is called the leading coefficient. In this
situation we write deg(P) = n (where P is the polynomial) and LC(P) = a,. The eventually zero
sequence

ap,ay, - ..,an,OR,OR,. ..

is called the sequence of coefficients of the polynomial. We define coeff(P, i) to be a; in this case.
Remark. deg (Or) is undefined.
Remark. Note that given a polynomial ap + a1x + X% + -+ + a,x" we define a; = Og for i > n.

Remark. We can also write our polynomials using summation notation:

n
ag + a1X + x> + -+ + a,x" = Zaixl
i=0

If some coefficient a; = Og we can omit the summand a;x' when writing the polynomial. Similarly,
if R has identity, we can abbreviate 1zxx* as simply x'. Finally, we can also permute the order of the
summands in a polynomial to obtain another equivalent expression.

Definition. Two polynomials are equal if and only if their corresponding sequence of coefficients
are equal.

Definition (R[x]). Let (R, ®, ©) be a ring. Then R[x] is the set of all polynomial with indeterminate
x and coefficients in R.

Remark. Notice that we can consider R to be a subset of R[x] by identifying a € R with the constant
polynomial a in R[x].

Definition. Let (R, ®,0) be a ring and P,Q € R[x]. Then there exist ao,...,a,,bo, ..., by € R such
that P =ap+a1x+ - - +a,x" and Q = by + byx + - - + b,,x™. Define a; = Og for k > n, by = Og for
k > m, and s = max(m, n). Then

P+Q=(a0®bo)+ (a1 ®b1)x+ -+ (as ®bs) x°
l’ .
P-Q:(a0®b0)+(a1®boe§ao®b1)x+---+[@ajebi_j]xl+---+(an®bm)x”+m
j=0

Remark. This is just the ordinary addition and multiplication of polynomials, except with the
coefficients in an arbitrary ring. We usually write +, - (or concatentation) for ®, © when it is clear
from context.
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Theorem (R[x] is a ring). (R[x], +,) is a ring.

Lemma (properties of R[x]). Let (R,®,0) bearingn € Nand ay, ...,a, € R. Then
1. Ogpg = Or
2. T(@pt+mx+--+apx")="ag+ (Ca)x+ -+ (Cay) X"
3. If R has identity then so does R[x] and 1gy) = 1r
4. If R is commutative then so is R[x]

Remark. We also write ag — ajx — - - — a,x" as another expression for the polynomial a9 + (Ta1) x +
-+ (Ta,) ¥ (and allow any combination of these two notations).

Remark. The book uses f(x) to denote an arbitrary element of R[x], but this notation can easily be
confused with the value of a function f at x, so we will simply write f for an arbitrary polynomial
in R[x].

Theorem (additivity of degree (Tepid!!)). Let R be a ring and f,g € R[x] —{Or}. If R is an

integral domain, then

deg(f - g) = deg(f) + deg(g)

Corollary. If R is an integral domain then so is R[x].

Corollary (F[x] is int dom). If F is a field then F[x] is an integral domain.

Division Algorithm in F[x]

Theorem (Div Alg in F[x]). Let F be a field, f,g € Flx], and § # Orx. Then there exist unique
polynomials q,r € F[x] such that

f =qg +r and either r = Op,) or deg(r) < deg(g)

Remark. In the Division Algorithm Theorem for polynomials, we call g the quotient and r the
remainder when f is divided by g just as we did in the integer case.

In the following recipies, (R, ®,©) is a ring.
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Polynomials
polynomial polynomial equality
f € RIx] - {Ox } f,8 € RIx]
........................................................ Leti c IN
For some n € ]N, apg,..., 0y € R, Coeff(f, 1) — coeff(g, Z)
(_
f=ap+---+ax" and a, #0r  (CONCLUDE) L
f=8
degree degree
f=ap+a1x+---a,x" € R[x] f € R[x]
an # Or deg(f) =n
deg(f) =n coeff(f, n) # Or

Vi > n, coeff(f,7) = Or

4.2 Divisibility in F[x]

Definition (divides). Let F be a field and f, g € F[x] with f # Or[y. Then
flg e qeFlxlg=4qf

If f | g wesay f divides g.

Lemma. Let F be a field, f, g € F[x], f # Oppy), and c € F —{Or }. Then

(flg=(flg)

Lemma. Let F be afield, f,g € Flx] — { Opx . If f |  then deg(f) < deg(s).

Definition. Let F be a field, f € F[x]. We say f is monic if and only if LC(f) = 1f.

Lemma. Let F be a field, f € F[x] — {Og}, and ¢ = LC(f). Then ¢~ € F and ¢~ f is monic.

Definition (gcd). Let F be a field, f, g, d € F[x], and either f # Opy or g # Opy). Then d = ged(f, g)

if and only if

1. d is monic
2.d|fandd| g
3. YceFlx],c| f and c| g = deg(c) < deg(d)

Remark. Technically the symbol ged (4, b) is not well defined until we show that there is only one
such polynomial in the following theorem. Until then we can say that d is a gcd(a, b) if it satisfies
the three properties listed above.
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Theorem (Bézout for polynomials). Let F be a field, f,g,d € F[x], (f # Opy or § # Oppy), and
d = gcd(f,g). Then 3s,t € Flx], sf +tg = d and d is the unique monic polynomial of smallest degree
that is of this form.

Corollary (alt def of gcd). Let F be a field, f,g,d € F[x], and either f # Opjy or § # Opx). Then
d = ged(f, g) if and only if

1. d is monic
2.d|fandd| g
3. VceF[x],clfandc|g=c|d

Theorem. Let F be a field, f,g,h € Flx]. If f | gh and gcd(f, g) = 1 then f | h.

Theorem (Euclidean Algorithm II). Let F be a field, f,g,q,r € Fx] and g # Orjx). If f = qg+71
and (r = Opy or deg(r) < deg(g)) then

ged(f, g) = ged(g,7)

In the following recipes, F is a field.

Divisibility in F[x]

divides divides

a,b,q € Flx] a,b € Flx]

a=qb bla

bla For some g € F[x],
a=qb
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Divisibility in F[x] (cont.)

ged

a,b,d € F[x]
a#0rorb+#0F
d 1S MONIC
dlaand d|b
Let ¢ € F[x]
Assumec|aand c|b
deg(c) < deg(d)

d = ged(a, b)

ged
d = ged(a, b)

a#0porb+0p
d 1S MONIC
dl|a

d|b

d = gcd(a, b)
cla
clb

deg(c) < deg(d)

Bézout’s Lemma

a,b € Fx]
a#0rorb+0r

For some s, t € F[x],
ged(a,b)=s-a+t-b

Bézout’s Lemma

a,b,u,v € Flx]
a#0rorb+0r

ged(a,b)|lu-a+v-b

4.3 Primality (Irreducibilty) in F[x]

ie., U(F[x]) =F—{0g}.

Theorem (units in R[x]). Let (R, +, ) be an integral domain. Then

U RR[x]) = U(R)

i.e., the units in R[x] are the constant polynomials u where u is a unit of R.

Lemma (alt def of o). Let F be a field, f, g € F[x] — {oF[x] } Then

flgandg|f& fog

Theorem (¢ is equiv reln). ¢ is an equivalence relation on R.

Corollary (units in F[x]). Let F be a field. The units of F[x] are the nonzero constant polynomials,

Lemma. (associates have same degree) Let F be a field and a, b € F[x] —{ O }. Ifaob then deg(a) = deg(b).
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Definition (irreducible). Let F be a field and p € F[x] — F. We say p is irreducible if and only if
Ve e Flx],c|lp=ce U(F[x]) orcop.

Definition. Let F be a field and p € F[x]. We say p is reducible if and only if p is non-constant and
p is not irreducible.

Remark. The definitions of irreducible and reducible in F[x] correspond to the definitions of prime
and composite in Z.

Theorem (alternate def of reducible). Let F be a field and p € F[x]. We say p is reducible if and
only if there exist g, h € F[x] such that

1. p=gh
2. 0 < deg(g) < deg(p)

Remark. Note that in the previous theorem, since 0 < deg(g) < deg(p) it follows that 0 < deg(h) <
deg(p) also.

Corollary (linear polynomials are irreducible). Let F be a field and p € F[x]. If deg(p) = 1 then p
is irreducible.

Theorem (alternate def of irreducible). Let F be a field and p € F[x]. The following are equivalent
(T.EA.E.).

1. pis irreducible
2. V¥b,ceF[x],plbc=>plborp|c
3. Vr,s € Flx],p = rs = r € U (F[x]) or s € U (F[x]).

Remark. In #3 we are identifying F — { Or } with the nonzero constant polynomials in F[x].

Corollary. Let F be a field, p, a1, ... ,a, € F[x], and p irreducible. Then

plaay---a, = p|lajforsomeie{1,2,...,n}
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is unique up to reordering of the factors.

Theorem (Fundamental Theorem of Arithmetic for F[x]). Let F be a field. Every nonconstant
polynomial f € F[x] can be expressed as a product of irreducible polynomials in the form

— f1,,€2..63 €k
=Py P3Py

where c € F, each p; is a distinct monic irreducible polynomial in F[x], and each e; € IN. This expression

Note that in the following we identify F with the constant polynomials in F[x]. For example,
F[x] = F is the set of polynomials with positive degree.

Irreducibility in F[x]

irreducible
p € FIx]-F
Let ¢ € F[x]
Assumec | p

ceUF[x])orcop

P 1S IRREDUCIBLE

irreducible

P 1S IRREDUCIBLE

P 1S IRREDUCIBLE

clp

ceUF[x])orcop

alt. def. of irreducible
p € F[x] - F
Let b, c € F[x]
Assume p | bc
plborplc

P 1S IRREDUCIBLE

alt. def. of irreducible
p,b,c € Flx]
P 1S IRREDUCIBLE

plbc

alt. def. of irreducible
p € F[x]-F
Let b, c € F[x]
Assume p = bc

b € U (F[x]) or c € U (F[x])

P 1S IRREDUCIBLE

alt. def. of irreducible

p,b,c € F[x]
p IS IRREDUCIBLE

p =bc

b e U (F[x]) or c € U (F[x])
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Irreducibility in F[x] (cont.)

reducible reducible

€ 1S NOT IRREDUCIBLE € 1S REDUCIBLE

C ¢ F ........................................................
........................................................ € 1S NOT IRREDUCIBLE

C IS REDUCIBLE c¢F

Fundamental Theorem of Arithmetic for Fundamental Theorem of Arithmetic for
Polynomials (existence) Polynomials (uniqueness)

feF[x]-F feF[x]-F
........................................................ k’ m E ]N'

For some k € N, c € F — O, ¢,deF—{0F)

pl,...,pkEP[X], pll,,,,pk,ql,...,qm

+
e, ..., €INT, ARE MONIC IRREDUCIBLES
..., Dk ARE IRREDUCIBLE
Pi,---/ Pk €1, 8, dy, ..., dy € Nt
1,- -+, Pk ARE MONIC —c-pp2 ... %
P / ’p f—C Pl Pz pk

=C- €1 ez... Ck

f=cpiry o p Fd-glgh... gl
k=m
c=d

P1=4q1,P2=92,---,Pk = Gk
e1=dy,ex =dy, ..., e =dy
(for some order of the factors)

4.4 Polynomial Functions

Definition (polynomial function). Let R be a commutative ring and f = ag +aix+---+a,x" € R[x].
Define f: R = Rby Vr € R, f(r) = ap + a17 + - - - + a,r". The function f is called the polynomial
function induced by f (or the function associated with f).

Definition (root). Let R be a commutative ring, f € R[x], and a € R. We say a is a root of f if and
only if f(a) = Or.

Theorem (Remainder Theorem). Let F be a field, f € F[x], and a € F. Then there exists q € F[x]
such that

f=q-(x—a)+ f(a)

i.e. the remainder when f is divided by x — a is f(a).

Corollary (Factor Theorem). Let F be a field, f € F[x], and a € F. Then a is a root of f if and only if
(x —a) is a factor of f.
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Corollary (to the Remainder Theorem II). Let F be a field, f € F[x]. If deg(f) > 2 and f is
irreducible then f has no roots in F.

Corollary (to the Remainder Theorem IIl). Let F be a field, f € F[x]. Ifdeg(f) = 2 or deg(f) =3
then
f is irreducible < f has no roots in F.

Corollary (to the Remainder Theorem IV). Let F be a field, f € F[x] — {Or}, and n = deg(f).
Then f has at most n roots in F.

Corollary (to the Remainder Theorem V). Let F be an infinite field and f, g € F[x]. Then

f=gef=g

Polynomial Functions

Remainder Theorem Remainder Theorem
f € Flx] f € Flx]

a€eF F is infinite

For soME g € F[x] 7:§@f:g
f=q-(x—a)+ f(a)

Factor Theorem Factor Theorem

f e Plx] f € Flx]

f(a) = OF (x—-a)l| f

(x—a)|f f(a) = 0

5 Congruence in F[x] and Congruence Class Arithmetic

5.1 Congruence in F[x]

Definition (=). Let F be a field, f, g,p € F[x], and p # Or.
P
fzgeplf-g

Remark. The textbook writes f = g (mod p) for f = g.
P
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Theorem. = is an equivalence relation on F[x].
P

Definition (F[x],). Letp € F[x] —{0r}. Then

FIx]/(p) ={If]: f € FIx]|

Remark. Note that in the definition of F[x]/(p), [f] is the equivalence class of x with respect to =.
P

We will write F[x], = F[x]/(p).

Corollary (the set F[x],). Let p € F[x] — {Of } and f € F[x].
a. If r is the remainder when f is divided by p then [f] = [r] (and f % r).
b. Flx], = {[OF] } U { [f]: f € F[x] and deg(f) < deg(p) } and these elements are distinct.

In the following table, all free variables have type F[x] and equivalence classes are with respect to

=l

Congruence in F[x]
P v
rlf-g f =8
f=g plf-g
P[x]p P[x]p
z € Flx], k,je{feFlx]: f=0ror deg(f) < deg(p)}

For some f € F[x],

z=[f]

class representative (existence)

For some k,
k = Of or deg(k) < deg(p)
z = [k]

class representative (uniqueness)

i,j € {0p} U{f € Flx] : deg(f) < deg(p)}
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5.2 Arithmetic in F[x],

Theorem (polynomial modular arithmetic). Let F be a field, f, g, h,i,p € F[x], and deg(p) > 0. If
f?handgiithen

+g=h+i
gt

and
co=h-i
fgp i

Definition. Let F be a field, f,q,7,p € Flx], and deg(p) > 0. If f = pq + r, and either r = Of or
deg(r) < deg(p)) then we define
fModp=r

Definition. Let F be a field, p € F[x], and deg(p) > 0.
®={((AB),0):If,gcFlxl, A=[f,B=[g]and C = [f +¢]
©={((A,B),0):3f,geFlx], A=[f],B=[gland C=[f-g]|

(where the equivalence classes are with respect to =).
p

Theorem. ®, © are binary operators on F[x]p.

Remark. This theorem allows us to use infix notation to write the definitions more conveniently in
this form:

[/]
[/]

(8] =[f +¢]
(8] =1/l

@
©

Theorem (F[x], is a ring). Let F be a field, p € F[x], and deg(p) > 0. Then (F[x]p, ®, @) is a
commutative ring with identity, and 1 Flx, = [1F]-

Notation. Asin Z,, we will often abbreviate [f] € F[x], as f. We will also often abbreviate ® as +
and © as X, -, or concatenation.

Theorem (F is a subring of F[x],). Let F be a field, p € F[x], deg(p) > 0, and define
F={[c]:ceF}

Then F* is a subring of F[x], which is isomorphic to F.
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Remark. We often identify c € F with [c] € F[x], and simply say that F is a subring of F[x],,.

Theorem (units in F[x],). Let F be a field, p, f € F[x], deg(p) > 0. Then

[f] € U (Fx],) & ged(f.p) = 1r

Arithmetic in F[x],

modular arithmetic modular arithmetic
a,b,c,d,p € F[x] a,b € Flx]
= b ........................................................
4 [a] ® [b] = [a + D]
o e oW [a]©[b] = [a- ]
a+c=b+d
p
a-c=b-d
p

5.3 Finite fields

Theorem (F[x], for irreducible p). Let F be a field, p € F[x], deg(p) > 0. The following are
equivalent (T.F.A.E.).

1. pis irreducible.
2. Fx], is a field.
3. Flx], is an integral domain.

Definition. Let Fbea field, p, f € F[x], deg(p) > 0,n € N*,a9,...,a, € F,and f = ag+a;x+---+a,x".
Define f : F[x], — F[x], by

Vr € Flxl,, f(r) = [ao] + [a1]7 + -+ - + [a,] 1"

Remark. If we identify F with F* C F[x],, then this function f is just an extension of our original
function f from F to F[x],.

Theorem (extension field). Let F be a field, p € F[x], and p irreducible. Then F[x], is an extension
field of F which contains a root of p.
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Corollary (existence of extension fields). Let F be a field, f € F[x], and deg(p) > 0. There exists
an extension field K of F containing a root of f.

6 Ideals and Quotient Rings

6.1 Congruence in Rings
Definition (ideal). Let R be a ring and I C R. Then [ is an ideal of R if and only if

1. I'is a subring of R
2. VreR,VYael,racland arel

Theorem (ideal generated by ci,...,c;, € R). Let R be a commutative ring with identity and
€1,...,cn € R. The set
I={rici+mrc+---+r,cp,:r1,...,1 €R}

is an ideal of R.

Definition (principle and finitely generated ideals). The ideal I in the previous theorem is called
the ideal generated by {cy,...,c,}. If n = 1 then I is called a principal ideal. Since {cy,...,c,}isa
finite set, we say that I is finitely generated.

Definition (congruence modulo ideals). Let R be a ring, a,b € R, and I an ideal of R.

a?b@a—bel

Remark. The textbook writesa = b (mod I) for a ? b.

Theorem. = is an equivalence relation on R.

Definition (R/I). Let R be a ring and I and ideal of R. Then
R/I:{[r]:reR}

Remark. Note that in the definition of R/I, [r] is the equivalence class of r with respect to =.

Theorem (equivalence class mod I). Let R be a ring, a € R, and I an ideal of R. Then

[al={a+i:iel}
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Definition. Let R be aring, a € R, and I an ideal of R. The set

a+l={a+i:iel}=]a]

is called the left coset of 2 mod I. The notation a + I is called coset notation for the equivalence

class [a].

Remark. 1 hate coset notation.

Ideals and Quotient Rings

ideal
ICR
LetreRandael

rael
ar el

I'is an ideal of ring R

congruence mod an ideal

I an ideal of ring R
a,beR
a—-bel

ideal

I'is an ideal of ring R

ael

congruence mod an ideal

I an ideal of ring R
a,beR

6.2 Arithmeticin R/I

and ¢ ? d then

and

Theorem (modular arithmetic in R/I). Let R be a ring, a,b,c,d € R, and I an ideal of R. If a = b

a+c?b+d

ac = bd
I

Definition. Let R be a ring and I an ideal of R. Define

®={((4,B),C):3a,beR, A=1a], B=[b], and C = [a+b]}
©={((A,B),C):3a,beR, A=1a], B=[b], and C = [a-b]}

(where the equivalence classes are with respect to ?).
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Theorem. @, ® are binary operators on R/I.

Remark. This theorem allows us to use infix notation to write the definitions more conveniently in
this form:

[a] @ [b] = [a + D]
[a]o[b] = [a-b]

or equivalently in left coset notation:

@+Deb+D=@+b)+1
@+Dhob+D)=ab+1

Theorem (R/I is a ring). Let R be a ring and I an ideal of R. Then (R/1,®, ) is a ring.

Definition (quotient ring). Let R be a ring and I an ideal of R. Then (R/I, ®, ®) is called a quotient
ring.

Theorem (properties of quotient rings). Let R be a ring and I an ideal of R.
1. If R is commutative then so is R/1.
2. If R has identity then so does R/I and 1g;; = [1R]

Notation. Asin Z,, and F[x], we will often abbreviate [a] as a. We will also often abbreviate ® as
+ and © as X, -, or concatentation.

Homomorphisms and Quotient Rings

Definition (kernel). Let f: R — S be a ring homomorphism. The kernel of f is the set

Ker(f) = {x € R : f(x) = 05}

Theorem (Ker is an ideal). Let f: R — S be a ring homomorphism. Ker(f) is an ideal of R.

Theorem (injectivity vs Kernel). Let f: R — S be a ring homomorphism.

f is injective & Ker(f) = {Or }
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Definition (quotient map). Let R be a ring, I an ideal of R, and define f: R — R/Iby Vr € R, f(r) =
[r]. The map f is called the quotient map (or natural homomorphism).

Theorem. A quotient map is a surjective ring homomorphism.

Theorem (First Isomorphism Thm). Let f: R — S be a surjective ring homomorphism. Then

S = R/ Ker(f)

Arithmetic in Quotient Rings

Kernel Kernel

f : R — S aring homomorphism f : R — S aring homomorphism
a € Ker f f(a) =0r

f(a) =0r a€Kerf

Quotient Ring

f : R — § aring homomorphism
f is surjective

S=R/Ker f
7 Groups
7.1 Groups

Definition (group). Let G be a set and * : G X G — G a binary operator. The pair (G, *) is a group
if and only if

1. Ya,b,ce G,a*(bxc)=(axb)*c (associative)
2. deeG,VaeGare=a=¢e=*a (identity)
3.VaeG,AdeGaxd=e=d=a (inverses)

Remark. We will often abbreviate abbreviate a * b by ab. We will also often refer to the group (G, *)
as simply G.

Remark. The e in condition #3 refers to any e satisfying condition #2, so technically it should be

written
Yee G,VaeGaxe=a=exa)> VYaeG,AdeG,axd=e=d=a)
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Types of Groups

Definition (abelian group). A group (G, *) is abelian if an only if Ya,b € G,a*b = b=a (ie., * is
commutative).

Definition (finite group). A group (G, #) is finite if and only if G is a finite set.

Definition (cardinality). If S is a finite set, the #(S) denotes the number of elements in the finite
set S. Two sets (finite or infinite) have the same cardinality if an only if there is a bijection between
them.

Remark. The book writes | S| for the number of elements in S, but we will use #(S).

Definition (order of a group). If (G, #) is a finite group then #(G) is called the order of the group.
Examples of Groups

Theorem (additive group of a ring). Let (R, +,-) be a ring. Then (R, +) is a group.

Theorem (group of units in a ring). Let (R, +, -) be a ring with identity. Then (U (R) ,-) is a group.

Corollary (group of units in a field). Let (F, +,) be a field. Then (F —{Or},-) is a group.

Definition (permutation). Let T be a set. A permutation of T is a bijection f: T — T.
Definition (I;). Let n € IN. Define II,, = {1,2,...,n}.
Definition (symmetric group). Let n € N*. Then

Sy ={a:aisapermutation of I, }

i.e. Sy is the set of all permutations of I,,.

Theorem (symmetric group). The pair (S, ©) is a group.
Notation (table notation). Let f € S5,,. We can describe f in table notation by defining

al az e an

[1 2 - n] . .
f= o Viel, f(i) =a
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Theorem (cardinality of S;). #(S,) = n!

Definition (symmetry operation). Let X C IR"”. A symmetry operation of X is a bijection f: X — X
which preserves the distances between points, i.e., Ya,b € X,d(a, b) = d(f(a), f(b)).

Remark. Note: in geometry a symmetry operation is called an isometry.
Definition. Let X C R". Then
Sym(X) = {a : a is a symmetry operation of X }

i.e.,, Sym(X) is the set of all symmetry operations of X.

Theorem (group of symmetries). The pair (Sym(X), o) is a group.

Definition (dihedral group). Let P, be a regular n-gon in R?. Define
D,, = Sym (P,)

(Dy, o) is called a dihedral group.

Theorem (direct product). Let (G, *) and (H, -) be groups and define ©: (GXH)x(GxH) - GxH

by
(a,b)o(c,d)=(a*c,b-d)

forall (a,b),(c,d) € Gx H. Then (G X H,®) is a group.

Definition (direct product group). The group (G X H, ©) is called the direct product of the groups
Gand H.
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Groups
Group Group
+:GXG—-G (G#) is a group
eeG a,b,ceG
Leta,b,CGG ........................................................
ax(brc)=(arbh)*c 1 GXG -G
axe=exa=a ax{bxc)=(axb)x*c
ueG eqg €G
asu=uUsa=c¢e egrxa=ax*xeg =4a
- aleG
........................................................ aral=ec=al+a=a
(G, #) is a group

7.2 Properties of Groups

Theorem (basic group properties). Let (G, *) be a group.

1. G has a unique identity element.

2. Every element of G has a unique inverse
3. Ya,bceGab=ac=>b=c

4. Ya,b,ce Gba=ca=>b=c

Notation. Let (G, *) be a group. Then e; denotes the unique identity element of G.

Notation. Let (G, *) be a group and a € G. Then a~! denotes the unique inverse of a.

Theorem (Inverse Theorem). Let (G,*) be a group and a,b € G.

1. (a‘l)_l =q
2. (ab)t=blgt
3. eal =eg

Definition (powers). Let (G, *) be a group, a € G, and n € N*. Then

a‘ =a-aq----- a
N————
n factors
and
a_n — a_l a_l ..... a_l
n factors
and
EIO =éG
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Theorem (power laws). Let (G, *) be a group, a € G, and n,m € Z. Then

and
(an)m — anm

Remark. Note that (ab)" is not always equal to a"b" in a group.

Notation (Additive notation). For abelian groups we sometimes write * as + and 4" as na and at
as “a.

Definition (order of an element). Let (G, *) be a group, k € N*, and a € G. We say a has order k if
and only if k is the smallest positive integer such that a* = e. In other words, a has order k if

a*=ecand Vje N*,al =ec = j> k

If a has order k for some k € IN* we say a has finite order, otherwise we say a has infinite order. If
a has finite order we define | a| to be the order of a.

Theorem (order theorem). Let (G, *) be a group, a € G, and k, j,n € IN*.

1. |a‘1|:|a|
2. If a has infinite order then a* = al = k = j
3. Ifla| = nthena* = ec = n | k
4. Iflal=nthena* =al © k=j
n
5. If |a| = n and there exists t,d € IN* such that n = td then |a'| = d

Corollary (to order theorem). Every element of a finite group has finite order.
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Properties of Groups

order of an element order of an element
neIN* a has order n in group G
u e G ;l ......................................................
a' = ec a” =eg
Letm € N* a has order n in group G
Assume 2" = eg a = eg
WS (omow) e
n|m
P
(_

a has order n

7.3 SubGroups
Definition (subgroup). Let (G, *) be a group and H € G. Then (H, ) is a subgroup of (G, #) if and

only if (H, ) is a group (where * denotes the restriction of the original * to H).

Definition (proper subgroup). Let (H, *) be a subgroup of (G, *). Then (H, *) is a proper subgroup
of (G,*)ifand only if H # G and H # {eg }.

Notation (E). We sometimes write “H C G” as a shorthand for “H is a subgroup of G”.

Theorem (subgroup theorem). Let (G, *) be a group, H € G, and H # (. Then (H, *) is a subgroup
of (G, #) if and only if

1. Ya,be Habe H
2. VaeHaleH

Theorem (subgroup theorem II). Let (G, *) be a group and H C G a finite nonempty set. Then
(H, #) is a subgroup of (G, *) if and only if

Ya,be Habe H

Lemma (subgroup identity). Let H C G. Then ec € H and ey = eg.

Definition (center). Let (G, *) be a group. The center of G is the set
Z(G)={aeG:V¥geG,ag=ga}

Theorem (center is a subgroup). The center of a group is a subgroup of the group.
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Cyclic groups
Definition (cyclic subgroup). Let (G, *) be a group and a € G. Define
(ay={a":neZ)}
The set (a) is called the cyclic subgroup generated by a.
Theorem (cyclic groups are abelian). Let (G,*) be a group, a € G. Then ({a),*) is an abelian

subgroup of (G, *).

Theorem (elts of (a)). Let (G, *) be a group, a € G.

1. Iflal = n for some n € IN then {(a) = {eG,a,uz,a3,...,a”‘1}
2. If |a| = oo then (a) = {...,a‘3,a‘2,a‘1,ec,a,u2,a3,...}

and in both cases the elements listed are distinct.
Theorem. Any finite subgroup of the group of units of a field is cyclic.

Theorem. Every subgroup of a cyclic group is cyclic.

Definition. Let S C G and (G, *) be a group. The subgroup generated by S is the smallest subgroup
of G which contains S. It is denoted by (S).

Theorem (subgroup generated by S). Let S € G and (G,*) a group. Then (S) is the set of all
products of elements of S and their inverses.

Notation 5. If S C G we write S~! for the set of all inverses of elements of S, i.e.,

5_12{5_12565}

© 2022 KEN MONKS PAGE 59 or 71



MoDERN ALGEBRA LECTURE NOTES

Subgroups and Cyclic Groups

subgroup subgroup
HCG HCG
Leta,be H H is finite
axbeH Leta,be H
aleH a*beH
«— «—
(H, #) is a subgroup of (G, *) (H, #) is a subgroup of (G, *)
subgroup generated by S finitely generated subgroup
S5CG k,neIN*
Letae G $1,...,5: €G
by,...,bpeSUS™ LetgeG
a=Dbyxby*---xby ge{s,...,sn})
«— «—
G=(S) (G, #) is finitely generated
abelian abelian
Leta,be G (G, #) is abelian
asb=b=a a,beG
P
........................................................ axb=bxa
(G, ) is abelian

7.4 Group Homomorphisms

Definition (group morphisms). Let (G, *), (H, -) be groups and f: G — H. The map f is a homo-
morphism (or group homomorphism) if and only if

Va,b e G, flaxb) = f(a) - f(b)

If a group homomorphism is bijective it is called an isomorphism (or group isomorphism). If
there exists an isomorphism mapping G to H we say the groups G and H are isomorphic groups
and write G = H.

Theorem (classification of cyclic groups). Every infinite cyclic group is isomorphic to (Z,+).
Every finite cyclic group of order n is isomorphic to (Z,, +).
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Theorem (properties of group homomorphisms). Let (G, *), (H, -) be groups, f: G — H a group

homomorphism, and a € G. Then
1. f(ec) =en
2. fa)=f@™
3. (f(G),") is a subgroup of (H, )
4. If f is injective then G = f(G)

Theorem (Cayley’s Theorem). Every group is isomorphic to a group of permutations.

Corollary (Cayley’s theorem for finite groups). Every group of order n is isomorphic to a subgroup

of Su.

Group Homomorphisms

group homomorphism

(G, *)is a group
(H,-)is a group
f:G—-H
Letx,ye G
f=y) = fx)- f(y)

f is a group homomorphism

group homomorphism

(G, %) is a group

(H,-) is a group

f: G — His a group homomorphism
x,yeG

flexy) = f)- f(y) flec) = en
fe = f)™

group isomorphism
f is a group homomorphism
f is bijective

f is a group isomorphism

group isomorphism

f is a group isomorphism

f is a group homomorphism
f is bijective

7.5 (Section 8.1) Congruence and Lagrange’s Theorem

Definition (congruence modulo subgroups). Let (K, *) be a subgroup of (G, *) and a,b € G.

a=boaxb ek
X
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Theorem. = is an equivalence relation.

Theorem (group cosets). Let (K, *) be a subgroup of (G,*) and a € G. Then

[a] = {ka : k € K}

Definition. Let (K, *) be a subgroup of (G, *) and a € G. Then the set
Ka={ka:keK}=][da]

is called the right coset of 2 mod K (or a right coset of K). The notation Ka is called coset notation
for the equivalence class [a].

Theorem (cosets are the same size). Let (K, *) be a subgroup of (G, *) and a € G. Then there exists
a bijection f: K — Ka. Thus, if K is finite, then every coset of K has the same number of elements.

Definition. Let (K, *) be a subgroup of (G, *). Define [G : K] to be the number of distinct right cosets
of K. The number [G : K] is called the index of K in G.

Theorem (Lagrange). Let (K, *) be a subgroup of a finite group (G, *). Then

#G) = #(K)[G : K]

Corollary (order). Let (G, *) be a finite group of order n, a € G, and K a subgroup of G.

1. #(K) | n
2. |la||n
3. a" =eg

Classification of Groups I

Theorem (Classification I). If (G, *) is a group, p € N is prime, and #(G) = p then G = Z,,.

Theorem (Classification II). If (G, *) is a group and #(G) = 4 then G = Zy or G = Zp X Z».
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Theorem (Classification III). If (G, *) is a group and #(G) = 6 then G = Z¢ or G = S3.

Congruence and Lagrange’s Theorem

=

=~

(G, *) is a group (G, *) is a group

(K, *) is a subgroup of G (K, #) is a subgroup of G
a,beG a,beG

axblekK =b

a= b a+b ek

Lagrange Lagrange

(G, *) is a group (G, #) is a group

(K, *) is a subgroup of G aeG

#(G) = #(K)[G : K] la| | #(G)

#(K) | #(G) d*©) = eg

7.6 (Section 7.5) Symmetric and Alternating Groups

Definition (cycle notation). Let k,n € IN¥, a1, ..

o, € Iy be distinct, and p € S,. Define cycle

notation for p by writing p = (a1a; - - - ar) if and only if

Vxef{l,...,n},p(x) =

The permutation (a1a; - - - ay) is called a k -cycle.

Definition (disjoint cycles). Two cycles (a1a; - -

{al,...,an}ﬂ{bl,...,bm}=(Z).

i1

ifx=g;,and i <k

m  ifx=a
X otherwise

ax) ,(b1by - -by) € S, are disjoint if and only if

Theorem (disjoint cycles commute). If o, T € S, are disjoint cycles then ot = 70.

Theorem (disjoint cycle factorization). Every element of S, is a product of disjoint cycles.

Definition (transposition). A transposition is a 2-cycle.
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Corollary (products of transpositions). Every element of S, is a product of transpositions.

Theorem (even and odd permutations). No element of S, is both a product of an even number of
transpositions and also a product of an odd number of transpositions.

Definition. Leto € S,,. ois evenifitcanbe written as a product of an even number of transpositions.
o is odd if it can be written as a product of an odd number of transpositions.

Definition (alternating group). Let n € N*. Define A, = {0 € S, : 0 is even. } The set A, is called
the alternating group on n-letters.

Theorem (alternating group). A, C S, and if n > 2 then #(A,) = ”7'

8 Appendix: Some Useful Proof Recipes

Using the shortcuts that are allowed for semi-formal proofs, we can usually produce several
different derived rules of inference from a given definition. Here are some of the more useful ones
we will need frequently in our course.

Proof Recipes - Logic Extras

proof by cases (alternate or-) proof by cases (alternate or-)
PorQ PorQ
not Q Assume Q
........................................................ e
p —

p

Proof Recipes - Set Theory

empty set empty set

For soME c,
ceA
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Proof Recipes - Set Theory (cont.)

finite set notation

X1 €1{x1,..., X}
X2 € {x1,..., X}

Xn € {X1,..., Xn}

finite set notation

x€{xy,...,xu}

X=X]0r--- OF X=Xy,

set builder notation

set builder notation

@ (x) xe{y:ey)
xely:e)} @ (x)
subset subset
Lerx € A ACB
x€B xeA
L
........................................................ x €B
ACB
set equality set equality
Lerxe A A=B
x E B ........................................................
— ACB
Lery € B BcA
yeA
(_
A=B
power set power set
BCA B e P(A)
B e P(A) BCA
intersection intersection
x€eA xe€ANB
x e B ........................................................
........................................................ xeA
xeANB x€B
union union
xeAorxeB x€eAUB

xe€AorxeB
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Proof Recipes - Set Theory (cont.)

set difference

set difference

x€eA xeA-B
x ¢ B ........................................................
........................................................ x€eA
xeA-B x¢B
complement complement
x¢ A xe A
xeA x¢ A
indexed intersection indexed intersection

Leriel x €N A;

, i€l

x € A iel

% ........................................................
........................................................ cA
x €A X !

iel

indexed union

dielxeA; xelJA;
........................................................ Gl
xelJA; For soMmE j €],

iel XEA]'
typed forall typed forall

Lerx € A VxeA, ¢(x)

(x) aeA

e
........................................................ (a)
VxeA, ¢(x)
typed exists typed exists
a€eA AxeA px)

0) (O] e

(P() ................................................... For soMEc € A,
IxeA px) @(c)
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Proof Recipes - Set Theory (cont.)

partition partition
LerSeP P is a partition of A
SCA SeP
o
Ler S, T € P 5c4
AssuMES # T
SNT={) P is a partition of A
— 5,TeP
E%xeA SNT={}orS=T
F SePp,
xOERSS OME P is a partition of A
- x€eA

P is a partition of A For soME S € P,

xeS

Proof Recipes - Cartesian Product

ordered pair ordered pair
X=1Uu (X, y) = (M,U)
YS U (SHOW) et
........................................................ X=1u
(x,y) = (u,0) y=v
ordered n-tuple ordered n-tuple
xlzyl (xll"~/x1’l)=(y1/"-/yn)
X1 =W
Xn = Yn
(1o Xn) = (Y1, -5 Yn) Xn = Yn
Cartesian product Cartesian product
xeA z€AXB
y e B ........................................................
........................................................ ForsoMEx € A,y € B,
(x,y) e AXB z=(x,v)
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Proof Recipes - Cartesian Product (cont.)

Cartesian product

x1 € Aq

Cartesian product
z€ A X - XAy

For soME x1 € Aq,...,x, € Ay,

z=(x1,-..,%n)

n copies

Proof Recipes - Functions

formal def of function

formal def of function

fCAXB f:A—>B
LErx € A x€A
3! € B, x, < 2 (-3 2 (0 )4 D R R R R R R R R
Hy y ef feAxE
........................................................ AyeB,(x,y)ef
f:A—B
function application function application
ftA—B f:A—B
xeA (x,y)ef
flx)€B y=fx)
function equality identity map
f:A—B x€A
g A N B ........................................................
Letxe A ida(x) = x
f(x) = g(x)
—
f=3
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Proof Recipes - Functions (cont.)

image image
ftA—B f:A—B
SCA SCA
xX€S y € f(S)
f(x) € f(S) For some x € S,
y=f®
composition composition
ftA—B f:A—B
g:B—>C $:B—>C
........................................................ x € A
(8o f):A—=C  {CONCLUDE)
(8 © f)x) = g(f(x))
injective injective
ftA—B f:A—B
Letx,yc A f is injective
Assume f(x) = f(y) f@) = fy)
XZY (SHOW) et
— xX=Yy
%
f is injective
surjective surjective
f:A—>B f:A—B
LetbeB f is surjective
dacA f(a)=0 beB

f is surjective

For somea € A,

b= f(a)

bijective
f is surjective
f is injective

f is bijective

bijective

f is bijective

f is surjective
f is injective
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Proof Recipes - Functions (cont.)

inverse function

inverse function

f:A—>B f‘1 :B— A

f is bijective ........................................................
........................................................ f:A—>B
fl:B>A f is bijective
flof=ida flof=idy
fof_1=id3 fOf_1=idB
inverse function inverse function
f_lzB—>A f‘l:B—>A
y=f(x) x=fy)
x=fy) y=f()
inverse image inverse image
f:A—>B f:A—>B

TCB TCB

f@eT x e fm(T)

X € fi“"(T) fx)eT

In the following recipes, let A be a set and ~ a relation on A.

Proof Recipes - Equivalence Relations

reflexive reflexive
Letxe A ~ is reflexive
xX~Xx x€A
e
........................................................ X~Xx
~ is reflexive
symmetric symmetric
Letx,ye A ~ is symmetric
Assume x ~ y X~y
Y~ X U(SHOW) e
— y~x
(_

~ is symmetric
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Proof Recipes - Equivalence Relations (cont.)

transitive

Letx,y,z€ A
Assumex ~yand y ~ z
X~z

~ is transitive

transitive

~ is transitive

X~y

equivalence relation

Letx,y,z€ A
X~X
ASSUME X ~
y~x
—
AssuMEXx ~yand y ~ z
X~z

~ is an equivalence relation

equivalence relation

~ is an equivalence relation

~ is reflexive
~ is transitive
~ is symmetric

equivalence class

equivalence class
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